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Abstract

A broad array of consensus algorithms are introduced along with the basic theory of
consensus in complex networks. The theory on the rate of convergence of consensus
algorithms is discussed in the context of network structure alongside numerical simu-
lations. Examples of flocking are investigated with attention directed to the concept
of velocity matching as a consensus problem an the dependence on network structure.

1 Introduction

1.1 Outline

The idea of consensus in the context of a network of agents has broad applications today
including flocking and swarming, synchronization of coupled oscillators, and control of
multi-robot systems. The study of consensus began in computer science with distributed
computing where machines exist on a communication network and solve some task by
passing messages to each other. In general the common aspect of consensus problems is
for all agents in a system to agree on the value of some decision variable, examples include
velocity matching within a flock and learners classifying a data set where each learner
only has access to a non-overlapping portion.

The scope of this essay is to produce an introduction to the theory of consensus problems
on networks of agents found in recent literature, and to discuss the relationship between
the convergence of consensus algorithms and the structure of fixed and dynamic networks
upon which they operate. The ideas presented are first investigated numerically for two
important network models to characterise this struture-convergence relationship, and then
dicsussed in the context of flocking alogrithms and their numerical simulation.

1.2 Literature

This essay in the most part considers three papers. The first by R. Olfati-Saber et al [1],
considers consensus algorithms in full generality and mainly presents theoretical results on
the convergence properties of consensus algorithms and concludes with a brief numerical
investigation that is built on in section 2 of this essay. The second paper by H.G. Tanner et
al [2] presents a simple flocking algorithm mainly for the purpose of investigating consensus
(specifically velocity matching) rather than producing a realistic model of flocking, in this
context it serves as a useful bridge between the more abstract nature of [1] and flocking.
Finally [3], also by R. Olfati-Saber focuses mostly on constructing and analysing realistic
flocking algorithms which go as far as object avoidance.
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1.3 Consensus Student No. 1755974

1.3 Consensus

In general a consensus problem on a network can be represented by a directed or undi-
rected graph where, each agent is represented by a vertex in the graph and a decision
parameter, and the agents interact over the graph topology with their neighbours [1].

Mathematically we consider a graph G = (V,E)1 where V ∈ {1, 2, . . . , n} is the set of
all vertices and E ⊆ V × V is the set of all edges, so each v ∈ V is an agent and each
e ∈ E represents an interaction between two agents. Then associated with each agent
v ∈ V is a decision parameter xv ∈ Rd, for d ∈ N, here we take d = 1 and drop the
d unless otherwise noted. So the unconstrained2 consensus problem can be represented
using the decision vector x ∈ R|V | = [x1, x2, . . . , x|V |]

T and we may define the notion of
agreement as

x1 = x2 = · · · = x|V | or x = α1 (1)

where α ∈ R and 1 = [1, 1, . . . , 1]T .

It is useful to define a set of neighours of agent i, those agents which influence i, as
follows

Ni , {j ∈ V : (i, j) ∈ E} = {j ∈ V : Aij 6= 0} (2)

where A ∈ R|V ||V | is the adjacency matrix of the graph G with non-zero entries Aij if and
only if (i, j) ∈ E. It is important to remember that the interation topology G may also
be time-varying or weighted to reflect the changing influence and strength of influence
between agents. Models with dynamic and fixed topology will be discussed below.

Figure 1: Example interaction topology with decision param-
eters, and N1 connnections drawn in blue.

In the next few pages a variety of consensus algorithms are introduced covering fixed
and dynamic topologies as well as communication delays between agents, the rate of
convergence of each algorithm relies strongly on the underlying network structure.

1Throughout this essay we assume all graphs G = (V,E) have no self edges or multiple edges, i.e
(i, i) /∈ E and (i, j) ∈ E is unique.

2A constrained consensus problem (or f -consensus problem) involves all agents compute a function
f(x) and must all asymptotically converge to f(z) [1]
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1.3.1 Fixed Topology Consensus Algorithms

With a fixed topology G representing agent interactions and a decision vector x as defined
above a consensus algorithm takes the form of some dynamics ẋi for each agent i in the
network. The first algorithm is a simple average consensus [1] model (also known as the
distributed consensus algorithm) defined on an undirected graph G with adjacency matrix
A as follows

ẋi(t) =
∑
j∈Ni

Aij(xj(t)− xi(t)) (A1)

by defining the Laplacian matrix of the graph L , D−A, where D is the diagonal matrix
with Dii , degree of vertex i. Using the undirected nature of G and the fact Aij = 0 if
j /∈ Ni, it follows that

(−Lx)i =
∑
j

(
Aijxj −Dijxj

)
=
∑
j∈Ni

Aijxj −Diixi

=
∑
j∈Ni

Aij(xj − xi)

hence algorithm A1 may be re-written as

ẋ = −Lx (3)

It is possible to show that algorithm A1 converges to average consensus when the graph
G is connected [1], that is the solution to the consensus problem is uniquely

x = α1, α =
1

|V |
∑
i

xi(0) (4)

An important property of algorithm A1 is that the speed of convergence is closely related
to the algebraic connectivity of the graph G such that the rate of convergence is faster
or equal to this number and if the graph is disconnected (algebraic connectivity 0) con-
vergence is impossible [1]. The algebraic connectivity of a graph is defined as the second
smallest eigenvalue λ2 > 0 of the Laplacian matrix L.

A simple but general extension to algorithm A1 is to apply a weight γi to each agent
i. This can be formalised by writing

Kẋ = −Lx (A2)

where K = diag(γ1, γ2, . . . , γ|V |) is the matrix of weights for all the agents. The algorithm
A2 may also be written in the summation form as

γiẋi =
∑
j∈Ni

Aij(xj − xi)

and so interpreted as each node having a variable rate of integration. Note that A1 is
a special case of A2 where the weight matrix is simply the identity matrix I |V |, and in
general the system will converge to a weighted-average consensus of the form

x = α1, α =

∑
i γixi(0)∑

i γi
(5)

a specific example of A2 is the use of the weight matrix with elements γi = |Ni| which has
been used in the context of multi-vehicle formation control.
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1.3.2 Fixed Topology with Communication Delays

A consensus algorithm may be extended to include a communication delay τij between
agents i and j, for example algorithm A1 with time delay may be written as

ẋi(t) =
∑
j∈Ni

(xj(t− τji)− xi(t− τij)) (A3)

where in general τij = τji need not be true and further the time delays may change in
time. The simplest case is that of the uniform time delay where τij = τ a constant for all
i, j ∈ V then algorithm A3 may be simplified to the form

ẋ = −Lx(t− τ)

It was proven by Olfati-Saber and Murray (referenced in [1]) that algorithm A3 will solve
an average consensus problem on a connected graph for all initial states if and only if the
uniform time delay satisfies

0 ≤ τ < π

2λn
(6)

where λn is the largest eigenvalue of L. It is also true that 0 ≤ τ < π
4∆ is a sufficient

condition for convergence of A3 since λn ≤ 2∆, an interesting consequence of this is that
graph structures that include one or many nodes with large degrees are more susceptible
to time delays. For example the Barabási-Albert model generates a scale-free structure
and hubs which are nodes with high degree [4][1].

1.3.3 Dynamic Topology

For a dynamic topology (switching network) we must consider a dynamic graph Gs(t)
where s(t) : R 7→ J is a switching signal and J is an index set J = {1, 2, . . . ,m}. So we
may represent algorithm A1 by the equation

ẋ = −L(Gs(t))x (A4)

where we now consider L(Gs(t)) : Γ 7→ R|V ||V | to represent the Laplacian of graphs

Gs(t) ∈ Γ where Γ , {G1, G2, . . . , Gm} is the set of possible topologies.

Algorithms of the form A4 converge to an average consensus whenever all graphs Gk ∈ Γ
are strongly connected, and are either balanced digraphs or undirected graphs. The speed
of this convergence is related to the second smallest eigen value of L+LT

2 , which is simply
the algebraic connectivity for the associated undirected graph.

Altogether the algorithms A1, A2, A3, and A4 provide simple models for a range of
real conditions and are crucially all highly dependent on the network structure in terms
of the rate of convergence to consensus. From these considerations a discussion of the
structure of networks is relevant, as such the next section 1.4 considers two important
network models and their properties.
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Figure 2: The Erdős-Rényi Model exhibits a lower
average shortest path length and higher Fiedler num-
ber than the Watts-Strogatz model but both do show
an decrease in average shortest path length and in-
crease Fiedler number with p. Only connected graphs
were considered.

1.4 Network Structure

Two random network models will be dis-
cussed in this essay in relation to the con-
vergence of consensus algorithms, namely
the Erdős-Rényi, and Watts-Strogatz mod-
els. Full details on all the models is found
in [4].

1.4.1 Erdős-Rényi Model

An Erdős-Rényi random graph G ∼ GERN,p
is a graph with N vertices, where each
possible edge is present with probability
p ∈ [0, 1]. So the probability that the graph
G has L links is given by

PL =

(N(N−1)
2

L

)
pL(1− p)

N(N−1)
2

−L (7)

1.4.2 Watts-Strogatz Model

A Watts-Strogatz random graph G ∼
GWS
N,k,p is formed by a sequential re-wiring of

a 2m-regular ring graph R of size |V | = N
with k = mN edges where vertices are con-
nected if and only if |i − j| ≤ m. The re-
wiring process considers each vertex i ∈ V
of R in turn and for each edge e = (i, j) ∈
E of R if j > i with probability p ∈ [0, 1] e
is replaced by the edge (i, l) where l ∈ V is
chosen uniformly at random among v /∈ Ni.

1.4.3 Average Shortest Path Length
and Fiedler Number

Both the Fiedler number (algebraic con-
nectivity) and average shortest path length
are measures of connectivity and efficiency
of information flow across a network [4].
Therefore it is an intuitive proposition that
these measures may predict the speed of
convergence of a consensus algorithm on a
given network structure, and as mentioned
in section 1.3 the algebraic connectivity of
a graph is a lower bound on the rate of con-
vergence of consensus algorithms A1 and
A4.
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Intuitively the average shortest path length (or characteristic path length) is a measure
of the expected number of steps required to walk between any two vertices in a graph. To
define the average shortest path length formally first we define a path γij as a sequence
γij , (v1 = i, v2, . . . , vl+1 = j) where each vk is a vertex in the graph and vk 6= vk′ for all
k 6= k′. Then l = |γij | is the path length of path γij and the distance between two vertices
i and j can be defined as dij , argminlγij . If no path exists between two vertices then
dij ,∞. Using this we can define the average path length of a graph G with N vertices
as

PL(G) =
1

N(N − 1)

∑
i,j∈V

dij (8)

The algebraic connectivity of a graph is equal to the second smallest eigenvalue of the
Laplacian matrix. Using the Gershgorin theorem it is implied that all eigenvalues lie in a
disk of radius ∆ being the maximum degree of the graph and further using the symmetry
of the graph Laplacian L for an undirected graph it is possible to order the eigenvalues of
L as follows [1].

0 = λ1 ≤ λ2 ≤ · · · ≤ λn ≤ 2∆ (9)

the Fiedler number λ2 is only strictly greater than the trivial eigenvalue λ1 = 0 if the
underlying graph is connected. Figure 2 shows the average shortest path length as a
function of p for GERN,p and GWS

N,k=3,p respectively, both generally decrease with p. In the
Erdős-Rényi model this is quite obvious as the model tends to the complete graph KN as
p → 1 since all edges are present so equation 7 is 1 only if L = N(N−1)

2 and 0 otherwise.
It is important to notice that the Fiedler number changes little with p for Watts-Strogatz
model and a fixed average degree k and is clearly of very small magnitude for k = 3 when
compared to the Erdős–Rényi model. But when p is fixed and the average degree k is
varied over the range seen naturally from the Erdős–Rényi model the same dependence
of the Fiedler number on k (in Watts-Strogatz) is seen as p (in Erdős–Rényi). This is
because the Fiedler number is actually dependent on the degree of the graph, so for a
Watts-Strogatz model with N = 100, k = 3, p = 1 the bound on the largest eigenvalue is
≈ 2 · 3 = 6 but for Erdős–Rényi N = 100, p = 1 the bound is around 200 which explains
the behavior seen in figures 2 and 3.

Figure 3: The dependence of the Fiedler number on the aver-
age degree passed to the Watts-Strogatz model is similar to the
dependence on probability in the Erdős–Rényi model.
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1.5 Application to Flocking

Broadly flocking can be described by a set of three heuristic rules known as Reynolds rules
[5] these are

1 ‘Flock Centering: attempt to stay close to nearby flockmates’-(cohesion)

2 ‘Obstacle Avoidance: avoid collisions with nearby flockmates’-(separation)

3 ‘Velocity Matching: attempt to match velocity with nearby flockmates’-(alignment)

It is in the third rule that flocking becomes relevant in the study of consensus algorithms
where we may formulate a consensus problem for a 2-dimensional decision parameter (the
velocity of the agents). In fact many flocking algorithms may be decomposed into a ‘gradi-
ent’ based term (loosely encompassing rules 1 and 2) and a consensus term corresponding
to 3, [3] emphasises this view point in particular.

Common to all flocking algorithms is the basic structure of the dynamics of the agents, we
define the position and velocity of agent i to be pi,vi ∈ Rm respectively. The dimension
m may be arbitrary, we shall take m = 2 unless otherwise noted. In general the agents
will form a system {

ṗi = vi

v̇i = ai
(10)

where ai : Rm 7→ Rm is some acceleration function. As with general consensus problems
we need a network to define the interaction between agents, the definition of this topology
varies between authors two such choices will be discussed in this essay.

The first algorithm, presented in [2], defines a velocity graph and a sensing graph. Con-
sidering a set of agents V , {1, 2, . . . , N} with positions pi for i = 1, 2, . . . , N the velocity
and sensing graph are defined as Gv , (V,Ev ⊆ V × V ) and Gs , (V,Es) respectively
where Es , {(i, j) ∈ V × V : ||pi − pj ||2 ≤ R}3. Now defining the two sets of neighbours
Nv
i , N

s
i for graphs Gv, Gs respectively the flocking algorithm is defined by

ai = −
∑
j∈Nv

i

(vi − vj)−
∑
i

∑
j∈Ns

i

∇piVij(||pi − pj ||2) (F1)

where R is a spacing parameter and Vij is an arbitrary non-zero and differentiable potential
function satisfying

1 Vij(x)→ +∞ as x→ 0

2 Vij(x) has a unique minimum

3 d
dxVij(x) = 0 if x > R

Similarly to the general consensus algorithm the convergence of the algorithm F1 (all agent
velocities match) is assured as long as the velocity and sensing graphs are connected, this
applies also to the case where the velocity graph is dynamic [2].

The second and third flocking algorithms, proposed in [3], involve only a sensing graph,

3Furthermore the velocity graph Gv may also be switching in which case Gv = Gs(t) ∈ Γ for some set
of topologies Γ as discussed in section 1.3.3.
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Gs exactly as defined above. A new distinction is made between α- and γ-agents which are
agents of the flock and virtual agents representing the “flock goal” (path or destination)
respectively. As a result the dynamics are split into α and γ systems where vαi ,p

α
i ,a

α
i

represent the velocity, position, and acceleration of the ith α-agent and similarly for the
γ-agent (in this essay a single γ-agent is considered). Before defining the algorithms an
unwieldy number of definitions is necessary, full details of these are found in [3]. First a
“σ-norm” (not a norm) is a map Rm 7→ R≥0 defined as

||z||σ ,
1

ε

(√
1 + ε||z||22 − 1

)
(11)

where ε > 0 and has gradient

σε(z) , ∇||z||σ =
z

1 + ε||z||σ
(12)

Secondly a “bump function” ρh(z) is defined as

ρh(z) ,


1 z ∈ [0, h)
1
2

(
1 + cos

(
π (z−h)

(1−h)

))
z ∈ [h, 1]

0 otherwise

(13)

Thirdly the spatial adjacency matrix As is defined by

As
ij ,

ρh
(
||pj−pi||σ
||R||σ

)
j 6= i

0 j = i
(14)

Fourthly

φ(z) ,
1

2

(
(a+ b)σ1(z + c) + a− b

)
, c =

|a− b|√
4ab

(15)

φα(z) , ρh(z/||R||σ)φ(z − ||d||σ), d ≥ 0 (16)

The significance of d is that this is the inter-agent spacing to which the flock converges if
the below algorithms converge. Fifthly

nij , σε(pj − pi) (17)

Finally the algorithms can be stated as follows

aαi = fαi =
∑
j∈Ns

i

φα(||pαj − pαi ||σ)nαij +
∑
j∈Ns

i

As
ij(v

α
j − vαi ) (F2)

aαi = fαi − c1(pαi − pγ)− c2(vαi − vγ), c1, c2 > 0 (F3)

The large number of definitions required to form algorithms F2 and F3 are not particularly
intuitive and hard to relate to the underlying flocking, the purpose of these definitions is
to allow for a smooth pairwise potential function between the agents.

8



Student No. 1755974

2 Simulation Results and Discussion

Figure 4: Convergence of A1 with the Watts-
Strogatz network model N = 100, k = 3 and Erdős-
Rényi network model N = 100, p = 0.025.

The following is a presentation of numeri-
cal simulations for the algorithms discussed
above. Full implementation of the algo-
rithms and some examples are given in [6].

2.1 Consensus Algorithms and
Network Structure

2.1.1 Algorithm A1

Following from [1] algorithm A1 was
simulated with a fixed topology gener-
ated from the Watts-Strogatz model with
N = 100 and k = 3 and re-wire
probability p = 0.5. Then algorithm
A1 was simulated with topology gener-
ated from the Erdős-Rényi model. It
is clear to see the large difference in
convergence speed of the algorithm for
these two topologies, and by examining
the algebraic connectivities it can be es-
timated that the Erdős-Rényi topology
gives convergence at a rate ≈ 0.146

0.004 =
36.5 times faster and indeed for agree-
ment to 3 decimal places the conver-
gence times are 0.145 and 5 making
the Erdős-Rényi topology ≈ 5

0.146 =
34.5 times faster. This is in good
agreement with the convergence analysis
[1].

The next simulations extend on this by ex-
amining the behavior of the speed of con-
vergence of algorithm A1 with the change
in value of the probability parameter p in
both the Watts-Strogatz and Erdős-Rényi
models, the results of these simulation can
be seen in figure 5 over the page. With
the small anomaly of p close to 0 in the
Watts-Strogatz model the behavior is per-
haps expected given the graphs of the av-
erage shortest path length in section 1.4.3.
We see an exponential decrease in simula-
tion time as p increase, in the Erdős-Rényi
model the simulation time is almost 0 as
p → 1 which is not so surprising given
that the graph tends to a complete graph
therefore all agents have knowledge of ev-

ery other agent. Perhaps a little surprising is the performance of the algorithm with
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the Watts-Strogatz model which intuitively is designed for a short distance between any
two given nodes (small world property). The key to understanding is the average degree
which for the Watts-Strogatz model remains fixed but in the Erdős-Rényi the increases
to N − 1 (that of the complete graph) and for A1 being connected to as many vertices as
possible insures better cooperation. Although the algorithm on the Watts-Strogatz model
does generally perform much worse than the same algorithm on the Erdős-Rényi topology,
there is still a notable decrease in runtime of roughly 70% this is perhaps explained by the
change in average shortest path length which does decrease by about the same percentage
when p is varied as shown in figure 2.

Figure 5: Speed of convergence of A1 for Erdős-Rényi and
Watts-Strogatz models as a function of p. Only connected
graphs were considered.

The final simulation of involving A1 examined a randomly switching network where at
each time step n double edge swaps were performed (where n is some proportion of the
number of edges), the double edge swap itself takes edges (x, y), (u, v) and replaces these
edge with the new edges (x, u), (y, v). This ensures the connectivity of the resultant graph
and so A1 should converge regardless of the switching network. The result is shown in
figure 5 below, clearly as the proportion of re-wire attempts increases there is a linear
increase in the time taken to converge. This is interesting in comparison to both the fixed
Watts-Strogatz topology with p = 1, and also the same simulation with the Erdős-Rényi
model in which no significant difference was seen.

Figure 6: Speed of convergence for the algorithm A1 with a
randomly switching topology. Initial topology is Watts-Strogatz
p = 1, N = 100, k = 3.
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2.1.2 Weighted Average Consensus and Time Delays

The weighted average consensus algorithm A2 causes an interesting slow down in the rate
at which consensus is reached as the magnitude of the weights in the matrix diag(γ1, γ2, . . . , γ|V |)
increase. This phenomenon can be seen in figure 7 where random weight vectors sampled
uniformly from increasing intervals [1, 2], [1, 3], . . . , [1, 100] were used producing a clear
trend. The reason for this trend is perhaps due to the weighted nature of the graph topol-
ogy implied by the new Laplacian matrix L′ = K−1L, most interestingly the algebraic
connectivity of the graph implied by the new Laplacian is roughly increasing with the
mean weight, clearly weighted graphs need a different theory not found in the literature
discussed in this essay.

Figure 7: Time to consensus increase as the magnitude of the
weights increases.

For the time delay model A3 a fixed graph with largest Laplacian eigen value λn such
that τmax ≈ 0.29 was used with delays of 90% and 103% to observe the effect of large
time delay and a time delay just above the theoretical limit. The results show oscillatory
behavior as seen in the literature ([1] for example).

Figure 8: Simulation of A3 on a graph with τmax ≈ 0.29
the algorithm clearly does converge with τ < τmax but with
markedly more noise and oscillatory like behavior, this grows
to full oscillations when the delay is larger than the maximum
tolerance τmax.
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Figure 9: (top two) Velocity matching for flocks
following F1 with a fixed and time varying topology.
For the switching velocity graph at each time step the
graph is randomly re-wired via a double edge swap
just as in the final simulation of the previous section.
(bottom two) dependence of time taken to converge
to matched velocities for a flock following F1 and p
for the Erdős–Rényi and Watts-Strogatz models.

2.2 Flocking Algorithms

2.2.1 Algorithm F1

The flocking algorithm F1 will result in
flocking as long as the velocity graph
is connected (or remains connected in
the case of switching) so the behav-
ior is very similar to A1. The evo-
lution of each agent speeds is shown
in figure 9 for both fixed and switch-
ing velocity graphs. From these simu-
lations it is interesting to observe that
the switching of the network topol-
ogy only served to cause slightly more
noisy speed evolution of the flock mem-
bers and altogether resulted in only
a small increase in the time to con-
vergence this is most likely due to
the method of random switching used
which has maintained the structure of
the graph topology in terms of degree
and so also in terms of the Fiedler
number (to around 1 decimal place)
which as discussed in section 1.4 de-
termines the speed of convergence in
a consensus algorithm and hence the
speed of convergence to velocity match-
ing.

Since the velocity graph with algorithm
F1 is independent of the dynamics of the
agents a similar analysis to figure 5 was
performed to ascertain whether the speed
of convergence to velocity matching has
similar characteristics to A1. As can be
seen in the bottom two images of figure
9 the time taken for the flock to converge
to matched velocities does have similar de-
pendence if the velocity graph is gener-
ated from the Erdős–Rényi model but this
is interestingly not the case if the Watts-
Strogatz model is used for the velocity
graph where it appears the opposite rela-
tionship is observed.
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2.2.2 Algorithm F2 and F3

Figure 10: (top to middle) Velocity mismatching
and matching for flocks following algorithms F2 and
F3. The converged state of the flock following F3 is
also embedded. The initial conditions of the flocks
is randomised in the same way as the correspond-
ing flocks in figure 11, and the γ-agent (blue in the
embedding) was given a random initial position and
random velocity which was kept constant through-
out the simulation. Also pictured (bottom) is the
angle agreement of the α-agents this plot shows the
‘contraction-expansion’ phenomenon where the flock
moves together then away a little and so on until con-
vergence.

Algorithms F2 and F3 are identical ex-
cept for the presence of a γ agent which,
represents the group objective. This
difference culminates in ensured flock-
ing for algorithm F3 and a very re-
stricted set of initial conditions lead-
ing to flocking for algorithm F2 where
regular fragmentation is most commonly
seen even when the flock is started
with almost identical speeds and positions
[3].

For F2 the α-agent flock members ini-
tially behave in an erratic fashion (due to
the random initialisation) which quickly
evolves into a seemingly outward fac-
ing movement even though the sens-
ing graph is still connected (CF fig-
ure 11 image 1,2), eventually this cul-
minates in a situation identical to that
of A1 evolving on a disconnected graph,
that is we see most agents converging
to a distinct velocity (no consensus is
reached).

In the simulation of F3 we see a phase
characterized by a large increase in ve-
locity of the α-agents which represents
the flock coming together and form-
ing a group around the position of
the γ-agent. A still of this phase
can be seen in figure 11 image 5
which is opposite to the behavior of
F2 in this middle phase. The agents
then rapidly decrease speed to converge
to the speed of the γ agent in a
analogous way to A1 on a connected
graph.

Although the network structure of the flock
with algorithm F3 is inherently dynamic
it is possible to see an interesting corre-
spondence between the Fiedler number of
the sensing graph and the evolution of the
α-agents velocities, this is not surprising
given the results on convergence for con-
sensus algorithms on dynamic topologies,
i.e A4.
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Figure 11: Stills showing initial, middle, and final (con-
verged/diverged) states of a flock simulation using F2 and F3.
Arrows represent velocity, red points are α-agents and a yellow
point represents a γ-agent. The sensing network Gs is drawn in
black. Note that F2 fails to form a stable flock even though the
initial state is dense with high connectivity whilst F3 produces
a stable flock even though the initial state is fragmented. For
full animated gif of both simulations see the Readme.md of [6].
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3 Conclusion

3.1 Consensus

The first paper discussed in this essay [1] provided an excellent overview of consensus
algorithms and the role of network structure in their convergence properties, but since
this is a more theoretical paper there is less emphasis on numerical simulation with only a
few cases discussed. In section 2 these results are extended to investigate how the change
of parameters in two random graph models effect the performance of the simple distributed
consensus algorithm A1 and briefly the effect of switching with algorithm A4. Clearly as
predicted by the theoretical results of R. Olfati-Saber et al the Fiedler number is crucial in
evaluating the performance of a general consensus algorithm as the degree structure of the
network changes, but as seen in the Watts-Strogatz model with fixed average degree (fixed
k) and varying re-wire probability, there is still substantial decrease in the time taken to
reach consensus even though the Fiedler number varies only between 0.002 and 0.007. In
this situation other measures of information flow on networks such as the average shortest
path length potentially explain the convergence behavior.

3.2 Flocking

Consensus is clearly an important concept for flocking in general as per Reynold’s rule 3,
i.e the velocity matching concept. H. G. Tanner et al [2] presented a framework of two
graphs one dynamic to handle flock member collision avoidance and a second fixed (or
switching) network not based on agent dynamics to investigate velocity matching, this is
as mentioned by the authors not exactly a realistic model of flocking because considering
a fixed or random interaction structure would imply the agents don’t change which flock
members they interact with for velocity matching or they choose at random respectively
which does not seem like a physically or biologically realistic model. Nevertheless it is
interesting to note that the convergence to velocity matching is not trivially identical to
convergence of the general consensus algorithm A1 when considering a fixed velocity graph
sampled via the Erdős-Rényi model and in particular the Watts-Strogatz model, that is
the introduction of collision avoidance term of F1 (the first summation term being A1)
has already introduced some interesting non-trivialities.

On the other hand R. Olfati-Saber et al [3] have produced a realistic-looking simula-
tion of flocking via a perhaps quite artificial and complicated construction which is not so
obviously connected to the underlying biology and physics of real-life flocking behavior.
But even with the complicated structure of the model it is still true that consensus is
only surely achieved with a connected graph and that the rate of convergence is related
to the Fiedler number which implies a connection to the degree structure of the sensing
network..

3.3 Directions of Future Inquiry

A few potential directions of inquiry seem to present themselves, firstly to empirically
evaluate the network structure of real-life flocking to see if the general principles of con-
vergence of consensus algorithms on networks apply in reality. Secondly an investigation
into more realistic and complex models of flocking could be made in the context of consen-
sus algorithms. Finally it would prove interesting to investigate the potentially different
theory for the case of weighted networks.
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